Group decision making with incomplete intuitionistic preference relations based on quadratic programming models by Wang, Zhou-Jing & Li, Kevin
University of Windsor 
Scholarship at UWindsor 
Odette School of Business Publications Odette School of Business 
2016 
Group decision making with incomplete intuitionistic preference 
relations based on quadratic programming models 
Zhou-Jing Wang 
Zhejiang University of Finance & Economics 
Kevin Li 
University of Windsor 
Follow this and additional works at: https://scholar.uwindsor.ca/odettepub 
 Part of the Business Commons 
Recommended Citation 
Wang, Zhou-Jing and Li, Kevin. (2016). Group decision making with incomplete intuitionistic preference 
relations based on quadratic programming models. Computers and Industrial Engineering, 93, 162-170. 
https://scholar.uwindsor.ca/odettepub/142 
This Article is brought to you for free and open access by the Odette School of Business at Scholarship at 
UWindsor. It has been accepted for inclusion in Odette School of Business Publications by an authorized 
administrator of Scholarship at UWindsor. For more information, please contact scholarship@uwindsor.ca. 
 1 
Group decision making with incomplete intuitionistic preference relations 1 
based on quadratic programming models 2 
Zhou-Jing Wang a, Kevin W. Lib,c* 3 
 a School of Information, Zhejiang University of Finance & Economics, Hangzhou, Zhejiang 310018, China 4 
b College of Economics and Management, Fuzhou University, Fuzhou, Fujian 350116, China 5 
c Odette School of Business, University of Windsor, Windsor, Ontario N9B 3P4, Canada  6 
 7 
8 
                                                        
* Corresponding author at College of Economics and Management at Fuzhou University, Fuzhou, Fujian, China and 
Odette School of Business at the University of Windsor, Windsor, Ontario, Canada. Email: kwli@uwindsor.ca. 
 2 
Group decision making with incomplete intuitionistic preference relations 9 
based on quadratic programming models 10 
Abstract 11 
This paper presents a quadratic-program-based framework for group decision making with 12 
incomplete intuitionistic preference relations (IPRs). The framework starts with introducing a 13 
notion of additive consistency for incomplete IPRs, followed by a two-stage quadratic program 14 
model for estimating missing values in an incomplete IPR. The first stage aims to minimize 15 
inconsistency of the completed IPR and control hesitation margins of the estimated judgments 16 
within an acceptable threshold. The second stage is to find the most suitable estimates without 17 
changing the inconsistency level. Subsequently, a parameterized formula is proposed to 18 
transform normalized interval fuzzy weights into additively consistent IPRs. Two quadratic 19 
programs are developed to generate interval fuzzy weights from a complete IPR. The first model 20 
obtains interval fuzzy weight vectors by minimizing the squared deviation between the two sides 21 
of the transformation formula. By optimizing the parameter value, the second model finds the 22 
best weight vector based on the optimal solutions of the first model. A procedure is then 23 
developed to solve group decision problems with incomplete IPRs. A numerical example and a 24 
group selection problem for enterprise resource planning software products are provided to 25 
demonstrate the proposed models. 26 
Keywords: Intuitionistic preference relation, Additive transitivity, Quadratic program, 27 
Completion, Group decision making  28 
1. Introduction  29 
In multi-criteria decision making (MCDM), decision-makers (DMs) often employ pairwise 30 
comparison to elicit their preference over alternatives. These preference judgments are structured 31 
as multiplicative preference relations in the classic analytic hierarchy process (AHP) (Saaty, 32 
1980). To express DMs’ pairwise judgments with vagueness, Orlovski (1978) introduced fuzzy 33 
preference relations, which is also referred to as reciprocal preference relations (De Baets & De 34 
Meyer, 2005; Chiclana et al., 2009). Crisp-ratio and unit-interval bipolar scales are two most 35 
commonly used approaches in representing a DM’s pairwise comparison results. The classical 36 
AHP adopts a crisp-ratio approach where the numerical value 1 plays a neutral role in 37 
representing the DM’s indifference between two alternatives. On the other hand, a unit-interval 38 
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bipolar scale uses the numerical value 0.5 to express its neutral value. This scale has been widely 39 
applied to decision models with [0, 1]-valued reciprocal preference relations and [0, 1]-valued 40 
interval reciprocal preference relations. It is noted that there exists an isomorphism between a 41 
unit-interval bipolar scale with the numerical value 0.5 and a crisp-ratio bipolar scale with the 42 
neutral value 1. 43 
A variety of methods have been put forward to generate priority weights from fuzzy 44 
preference relations and estimate missing values for incomplete fuzzy preference relations. For 45 
instance, Xu (2004) introduced additive consistency and multiplicative consistency for 46 
incomplete fuzzy preference relations and developed two goal programs for obtaining priority 47 
weights from incomplete fuzzy preference relations. Herrera-Viedma et al. (2007) introduced an 48 
additive consistency index to define the inconsistency level of a fuzzy preference relation, and 49 
put forward an iterative procedure to estimate unknown values for incomplete fuzzy preference 50 
relations. Liu et al. (2012) developed a least square model to determine missing values for 51 
incomplete fuzzy preference relations based on additive transitivity.  52 
An element in a fuzzy preference relation represents a DM’s judgment with a membership 53 
degree. Sometimes, DMs may have hesitancy or uncertainty for their membership judgments. In 54 
this situation, Atanassov (1986)’s intuitionistic fuzzy sets (A-IFSs) appears to be a convenient 55 
representation framework. A-IFSs employ both membership and nonmembership functions to 56 
characterize DMs’ vague judgments, and have been widely applied to areas such as decision 57 
making (Qi et al., 2015; İntepe et al., 2013; Xu & Liao, 2014), clustering analysis (Chaira, 2011) 58 
and machine learning (Szmidt et al., 2014). Since Xu (2007) introduced the notion of 59 
intuitionistic preference relations (IPRs), decision modeling with IPRs has attracted attention 60 
from many researchers in recent years (Jiang et al., 2015; Xu & Liao, 2014; Yue & Jia, 2015). 61 
Based on various transitivity conditions, some approaches have been devised to estimate 62 
missing values in incomplete IPRs and obtain priority weights from complete IPRs. For instance, 63 
Xu et al. (2011) introduced a multiplicative transitivity equation to define consistency of IPRs 64 
and proposed two algorithms to determine missing elements for incomplete IPRs. Gong et al. 65 
(2009) established goal programming models for deriving interval priority weights from IPRs. 66 
Xu (2012) put forward an approach to determine interval weights of IPRs based on an error 67 
analysis idea. Recently, Xu and Liao (2014) extended crisp and fuzzy AHPs to the intuitionistic 68 
AHP and developed a normalizing rank summation method to obtain priority weights from IPRs. 69 
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Wu and Chiclana (2014) proposed a different multiplicative consistency definition for IPRs and 70 
develop a consistency based procedure to estimate missing values. Wang (2015) revealed that the 71 
multiplicative consistency given by Xu et al. (2011) has an undesirable property: the same IPR’s 72 
consistency status may change when the alternatives are re-labeled. A geometric consistency 73 
definition is proposed for IPRs to address this issue. A logarithmic-least-square optimization 74 
model was also developed to elicit interval fuzzy weights from IPRs. 75 
Chiclana et al. (2009) converted Tanino (1984)’s multiplicative transitivity constraint to an 76 
equivalent Cross Ratio uninorm based functional equation for fuzzy preference relations, and 77 
indicated that the uninorm-based function is more appropriate to tackle the boundary problem for 78 
consistency of reciprocal preference relations. However, as an alternative notion, additive 79 
consistency remains a viable choice to characterize whether pairwise comparison judgments are 80 
consistent and was adopted in recent research (Cabrerizo et al., 2010; Meng and Chen, 2015; 81 
Zhang et al., 2014). As Xu et al. (2014) pointed out, the uninorm-based function does not 82 
perform well and may yield counterintuitive consistent judgment when a furnished preference 83 
value approaches 0 or 1. On the other hand, additive transitivity behaves well with intuitionistic 84 
judgments close to (1,0)
 
and (0,1) . The authors contemplate that additive and multiplicative 85 
consistency might reflect different human cognitive characteristics when they provide their 86 
pairwise judgments: For linear-thinking-inclined DMs, additive consistency is more appropriate, 87 
but for nonlinear thinking DMs, multiplicative consistency appears to be a better choice. The 88 
research herein adopts the notion of additive consistency.   89 
Under the framework of additive consistency, Xu (2009) introduced a feasible region method 90 
to define additively consistent IPRs and established a linear program to obtain a priority weight 91 
vector from an IPR. Gong et al. (2011) presented a goal program and a least square model for 92 
deriving interval fuzzy weights from IPRs. Wang (2013) introduced a new transitivity condition 93 
to define additively consistent IPRs and developed two goal programs for deriving intuitionistic 94 
fuzzy priority weight vectors from IPRs. In Gong et al. (2011) and Wang (2013), the coefficient 95 
of the transformation formulae between additively consistent IPRs and priority weights is 96 
assumed to be 0.5, same as that of Tanino (1984)’s additive transformation formula. It has been 97 
found that this transformation relation is not always valid (Fedrizzi and Brunelli, 2009; Liu et al., 98 
2012; Xu et al., 2009; 2010; 2014; Hu et al., 2014). This motivates us to introduce a 99 
parameterized transformation formula between additively consistent IPRs and priority weights 100 
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and develop a corresponding priority weight derivation method.  101 
This research first extends the additive consistency for IPRs to the case of incomplete IPRs. 102 
A two-stage quadratic program framework is then put forward to estimate missing values in 103 
incomplete IPRs. The first stage minimizes the inconsistency level of the completed IPR with an 104 
appropriate control of hesitation margins of the estimated judgments. The second stage finds the 105 
most suitable estimated values among the results obtained from the first stage without changing 106 
the inconsistency level. By analyzing the inherent relationship between an additively consistent 107 
IPR (Wang, 2013) and a normalized interval fuzzy weight vector and introducing a 108 
parameterized transformation formula, two quadratic programs are developed to obtain a 109 
normalized interval fuzzy weight vector. The first model minimizes the squared deviations 110 
between the original intuitionistic judgments and the parameterized interval-weight-based 111 
preference values. The second model identifies the most appropriate interval fuzzy weight vector 112 
among the optimal solutions in the first model by optimizing the parameter value. Finally, by 113 
applying the aforesaid models, a procedure is developed for solving group decision making 114 
(GDM) problems with incomplete IPRs. 115 
The remainder of the paper is organized as follows. Section 2 reviews basic concepts of 116 
additively consistent fuzzy preference relations and IPRs. Section 3 introduces the notion of 117 
additive consistency for incomplete IPRs, and devises a two-stage approach to estimate missing 118 
values in incomplete IPRs. Two quadratic programs are proposed for generating interval fuzzy 119 
weights from complete IPRs in Section 4. Section 5 puts forward a practical procedure to solve 120 
GDM problems with incomplete IPRs, followed by a numerical illustration. Conclusions are 121 
drawn in Section 6.  122 
2. Preliminaries 123 
This section presents basic concepts of additively consistent fuzzy preference relations and 124 
IPRs. 125 
Let 1 2{ , ,..., }nX x x x=  
be a collection of n alternatives. A fuzzy preference relation 126 
(Orlovski, 1978) on X
 
is defined by a pairwise judgment matrix ( )ij n nR r = , where ijr  127 
indicates a DM’s fuzzy preference of alternative ix  
over 
jx  
such that 128 
[0,1], 1, 0.5,     , 1,2,...,ij ij ji iir r r r i j n + = =  =                     (2.1) 129 
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Definition 2.1 (Tanino, 1984) A fuzzy preference relation ( )ij n nR r =  is additively consistent 130 
if R  satisfies additive transitivity: 131 
0.5,     , , 1,2,..., .ij ik kjr r r i j k n= − +  =                       (2.2) 132 
Due to additive reciprocity 1ij jir r+ = , (2.2) is equivalent to 133 
,     , , 1,2,..., .ij jk ki ik kj jir r r r r r i j k n+ + = + +  =                (2.3) 134 
Liu et al. (2012) established that ( )ij n nR r =  
is additively consistent if and only if there exists 135 
a normalized priority weight vector 
1 2( , , , )
T
n   = , 0, 1,2, ...,i i n  =  and 
1
1
n
i
i

=
= , such 136 
that 137 
( ) 0.5,     , 1,2,...,ij i jr c i j n = − +  =                (2.4) 138 
where 
1
1
max 0.5,  min
2
n
ik
i n
k
n
c r
 
=
  
= −  
  
 .                  139 
  As 0.5iir =  for all 1, 2,...,i n= , one has 140 
1
0.5
2
n
c
−
                            (2.5) 141 
It should be noted that multiple normalized priority weight vectors and c  values under (2.4) 142 
may exist for a given additively consistent fuzzy preference relation. Conversely, for a given 143 
priority weight vector, (2.4) may lead to different additively consistent fuzzy preference relations 144 
by setting different c values.  145 
Tanino (1984)’s transformation relation between R and   is established by setting 0.5c =  146 
in (2.4). It has been found that this relation does not always hold true (Liu et al., 2012). Fedrizzi 147 
and Brunelli (2009), for instance, indicated that the priority weights should not be normalized. 148 
To derive normalized priority weights from fuzzy preference relations, the c value in (2.4) is 149 
assumed to be / 2n  by Xu et al. (2009), and revised to be ( 1) / 2n −  by Xu et al. (2010; 2014) 150 
and Hu et al. (2014). 151 
Elements in a fuzzy preference relation are given from the viewpoint of membership degrees 152 
without considering a DM’s hesitancy in judgment. To express the DM’s hesitancy, Xu (2007) 153 
introduced the concept of IPRs. 154 
An IPR on X
 
is denoted by a pairwise intuitionistic judgment matrix 155 
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( )( ) ( , )ij n n ij ij n nR r v = = , where ( , )ij ijv  is an intuitionistic fuzzy preference of alternative ix  156 
over 
jx  
such that  157 
0 , 1,0 1, , , 0.5ij ij ij ij ij ji ij ji ii iiv v v v v       +  = = = =  
, 1, 2,...,i j n =     (2.6) 158 
Each element ( , )ij ij ijr v=  in R  is an intuitionistic fuzzy number, indicating ix  is 159 
preferred to 
jx  
with a degree of ij , ix  is non-preferred to jx  
with a degree of ijv , and the 160 
DM’s hesitation in preference between xi and xj is determined as 1 ij ijv− − . Especially, 161 
( , ) (0,0)ij ijv =  indicates a completely unknown preference between ix  
and
jx . 162 
By using intuitionistic fuzzy judgments in R , Wang (2013) introduced the notion of 163 
additively consistent IPRs.  164 
Definition 2.2 (Wang, 2013) An IPR ( )ij n nR r =  with ( , )ij ij ijr v=  
is additively consistent 165 
if it satisfies the following additive transitivity: 166 
,    , , 1,2,...,ij jk ki kj ji ik i j k n     + + = + +  =              (2.7) 167 
By the intuitionistic reciprocal property , ,  , 1,2,...,ij ji ij jiv v i j n = = = , one has 168 
,    , , 1,2,...,ij jk ki kj ji ikv v v v v v i j k n+ + = + +  =                 (2.8) 169 
  Obviously, if all intuitionistic judgments ( , )ij ij ijr v=   are degraded to fuzzy judgments, 170 
i.e., 1ij ijv + =  for all i, j = 1, 2, …, n, the IPR ( )ij n nR r =  is reduced to a fuzzy preference 171 
relation ( )ij n nR r =  
with 1ij ij ijr v= = − . In this case, the additive transitivity (2.7) and (2.8) 172 
are reduced to (2.3), equivalent to Tanino's additive transitivity (2.2) for fuzzy preference 173 
relations.  174 
3. Estimating missing values in an incomplete intuitionistic preference relation 175 
This section defines an incomplete IPR and its additive consistency and, then develops a 176 
two-stage quadratic program method for estimating missing values in incomplete IPRs. 177 
3.1 Additive consistency of incomplete intuitionistic preference relations 178 
A complete IPR R consists of ( 1) / 2n n −  intuitionistic judgments over the alternative set X , 179 
distributed in the upper (or lower) triangular of R . However, in many practical decision 180 
situations, a DM is unable or unwilling to provide all of these ( 1) / 2n n −  elements, especially 181 
when a large number of alternatives have to be evaluated. In this case, the IPR R
 
provided by 182 
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the DM is incomplete with unknown or missing values in membership and/or nonmembership 183 
degrees of judgments in R .  184 
Let 185 
{( , ) |  , 1, 2,..., }i j i j n = =
                           
(3.1) 186 
{( , ) |  in  is known, , 1,2,..., , }ijRK i j R i j n i j
 = =            (3.2) 187 
{( , ) |  ( , ) in  is known, , 1,2,..., , }v ij ijRK i j v R i j n i j
 = =         (3.3) 188 
Definition 3.1 Let ( )( ) ( , )ij n n ij ij n nR r v = =  be a pairwise comparison matrix, if 189 
{( , ) | 1,2,..., }
R
K i j i j n− − = =
 
is a nonempty set and R  satisfies 190 
0.5, 1,2,..., ,ii iiv i n = =  =                        (3.4) 191 
0 , 1,0 1, , , ( , ) ,vij ij ij ij ij ji ij ji Rv v v v i j K
      +  = =            (3.5) 192 
0 1, , ( , ) .vij ji ij R Rv i j K K
    =   −               (3.6) 193 
then R  is called an incomplete IPR. 194 
  Note that Definition 3.1 differs from the existing definitions of incomplete IPRs in Xu (2007), 195 
Xu et al. (2011) and Wu and Chiclana (2014), where the membership and nonmembership 196 
degrees of a missing element in R
 
must be both unknown. 197 
The additive consistency of IPRs in Definition 2.2 is extended to the incomplete case as 198 
follows. 199 
Definition 3.2 Let ( )ij n nR r =  be an incomplete IPR, R  is additively consistent, if there 200 
exists 
ij  for all , 1, 2,...,i j n=  
such that 201 
, , 1, 2,...,,      ij jk ki kj ji ik i j k n      =+ + = + +          (3.7) 202 
, 1, 2,...,,      l uij ij ij i j n   =                      (3.8) 203 
( , ) ( , )1,   , 1,2,..., , , ,ij ji R Ri j j ii j n i j K K
    +  =           (3.9) 204 
where lij  
and uij  are, respectively, defined by: 205 
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( , )
( , )
 
0.5         
0  
ij R
l
ij
R
i j
i j
K
i j
K








= =


,    
        ( , )                 
0.5                                
1     ( , ) , ( , )
1          ( , ) , ( , )
ij R
u
ij
ji R R
R R
i j K
i j
i j K j i K
i j K j i K

 
 



 

=
= 
−  
  
      (3.10) 206 
It is obvious that ( )( ) ( , )ij n n ij ji n nR r   = =  is an additively consistent and complete IPR if 207 
R
 
has additive consistency. Therefore, Definition 3.2 ensures that incomplete IPRs with 208 
additive consistency can always be completed and the resulting complete IPRs defined by (3.10) 209 
are additively consistent. 210 
3.2 A two-stage quadratic program method for estimating missing values 211 
Definition 3.2 furnishes an approach to obtain a complete IPR with additive consistency from 212 
a consistent incomplete IPR ( )( ) ( , )ij n n ij ij n nR r v = = , where (3.7) - (3.9) are satisfied. However, 213 
if R
 
is inconsistent, (3.7) - (3.9) will not hold. To estimate missing values of inconsistent IPRs, 214 
(4.7) has to be relaxed but the inconsistency level of the completed IPR
 
should be minimized. In 215 
other words, we shall find 
ij  ( , 1, 2,...,i j n= ) to minimize the squared deviation between the 216 
two sides of (3.7) under the constraints (3.8) and (3.9). 217 
On the other hand, if 0ij ji + → , then the intuitionistic fuzzy number ( , )ij ji   is too 218 
hesitant as 1 1ij ji − − → . It is understandable and widely accepted that highly indeterminate 219 
or hesitant judgment information contains no or little value for obtaining a reasonable decision 220 
result (Dubois & Prade, 2012). Therefore, it is necessary to control the hesitancy of the estimated 221 
judgments within an acceptable threshold.  222 
Based on the aforesaid modeling idea, the following quadratic model is established to estimate 223 
missing values for an incomplete IPR ( )( ) ( , )ij n n ij ij n nR r v = = . 224 
( )
2
, , 1
min
,  , 1,2,...,              
. . 1,     ( , ) , ( , )
1 . ( , )                  
n
c
ij jk ki kj ji ik
i j k
l u
ij ij ij
ij ji R R
ij ji R
J
i j n
s t i j K j i K
h i j K
 

     
  
 
 
=
= + + − − −
   =

+   
 −  + 

              (3.11) 225 
where h ( 0 1h  ) is a hesitancy acceptable threshold, and ij  ( , 1, 2,...,i j n= ) are decision 226 
variables. 227 
 10 
   In model (3.11), the first two lines of constraints guarantee that ( )( ) ( , )ij n n ij ji n nR r   = =  is 228 
an IPR, the last line of inequalities ensures that the hesitation degree of the estimated 229 
intuitionistic judgment ( , )ij ji  , ( , ) Ri j K

 
is controlled within the acceptable threshold h.  230 
By (3.8) and (3.10), one can obtain 0.5, 1,2,...,ii i n =  =  and ( , ),ij ij Ri j K
  =  . On 231 
the other hand, 0ij jk ki kj ji ik     + + − − − =  if all or any two of the indexes , ,i j k  are 232 
equal, and 
ij jk ki kj ji ik     + + − − −  
is a constant if ( , ), ( , ), ( , ), ( , ), ( , ), ( , )
R
i j j k k i i k k j j i K  . 233 
Consequently, (3.11) can be transformed to the following equivalent quadratic model. 234 
( )
2
    1,( , ) ,
, .    
min
0 1,       ( , ) ,  
. . 1,     ( , ) ,
1 . ( , ) ,  
R
n
c
ij jk ki kj ji ik
ki j K
k i k ji j
ij R
ij ji R
ij ji R
J
i j K i j
s t i j K i j
h i j K i j




     

 
 
=
 
= + + − − −
    

+   
 −  +  
 
            (3.12) 235 
where ij  ( ( , ) ,Ri j K i j

  ) are decision variables. 236 
  Obviously, for any threshold value h ( 0 1h  ), the values ˆij  ( ( , ) ,Ri j K i j

  ) satisfy the 237 
constraints of the model (3.12), where 238 
1 ( , ) , ( , )         
ˆ
0.5    ( , ) , ( , ) ,
ji R R
ij
R R
i j K j i K
i j K j i K i j
 
 


 −  
= 
  
                (3.13) 239 
Therefore, at least one optimal solution exists for (3.12) for any acceptable hesitancy threshold h 240 
( 0 1h  ). 241 
  It is easy to prove that the optimal solution to (3.12) has the following property. 242 
Theorem 3.1 If 
*
ij  ( ( , ) ,Ri j K i j

  )
 
is an optimal solution to (3.12), then 
*
ij ij +  243 
( ( , ) ,
R
i j K i j  ) is also an optimal solution to (3.12), where parameters 
ij  
( ( , ) ,
R
i j K i j  ) 244 
satisfy  245 
0,  ( , )ij Rj i K
 =                        (3.14) 246 
* * * *,  0.5(1 ) 0.5(1 ),  ( , ), ( , )ij ji ij ij jiij ji Rh i j j i K
     = − − −   − −     (3.15) 247 
Theorem 3.1 reveals that numerous solutions may exist for the optimization problems (3.12) 248 
when membership and nonmembership degrees of an intuitionistic judgment in R
 
are both 249 
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unknown. This situation makes it difficult to determine missing values in R . Since the missing 250 
values have inherent hesitancy in the decision process, it is logical to expect that the completed 251 
intuitionistic judgments should properly reflect such hesitancy. For an intuitionistic judgment 252 
( , )ij ji  , this hesitancy is captured by its hesitation degree 1 ij ji − − . The smaller the 253 
accuracy degree ij ji + , the stronger this hesitancy. Since model (3.12) controls the hesitation 254 
to be within a threshold h, to effectively estimate missing values, the second optimization model 255 
incorporates the optimal objective value of (3.12) as a constraint to maintain the inconsistency 256 
level in the final completed IPR and minimizes the accuracy degrees ij ji +  257 
( ( , ) ,
R
i j K i j  ). 258 
1
( , ) ,
     
min ( )
0 1,                                                              ( , ) ,           
1,                                                          
. .
R
c
ij ji
i j K
i j
ij R
ij ji
J
i j K i j
s t


 

 


= +
   
+ 

( )
2
*
    1,( , ) ,
, .    
  ( , ) ,           
1 ,                                                      ( , ) ,          
.
R
R
ij ji R
n
c
ij jk ki kj ji ik
ki j K
k i k ji j
i j K i j
h i j K i j
J


 
     
=
 


 
 −  +  


+ + − − − =


 
 (3.16) 259 
where *cJ  is the optimal objective value of model (3.12), and ij  ( ( , ) ,Ri j K i j

  ) are 260 
decision variables. 261 
  Solving the model (3.16), we obtain the optimal solution 
*
ij  ( ( , ) ,Ri j K i j

  ). Thus, a 262 
completed IPR based on R  is determined as ( )( , )c c cij ij n nR v = , where 263 
*
0.5         
( , )
( , )
c
ij ij R
ij R
i j
i j K
i j K


 

 =

= 
 
 ,      
*
0.5         
( , )
( , )
c
ij ji R
ji R
i j
v j i K
j i K




 =

= 
 
 
          (3.17)  
 
264 
If the incomplete IPR R
 
is additively consistent and 
* 0cJ = , then cR
 
satisfies (2.7), 265 
implying cR  is additively consistent. It is observed from (3.12), (3.16) and (3.17) that the 266 
inconsistency of the completed IPR cR
 
is maintained at the minimal level obtained from model 267 
(3.12) and the overall hesitancy of the estimated intuitionistic judgments in IPR cR
 
is 268 
maximized without exceeding the specified threshold h. 269 
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4. Quadratic program models for generating interval fuzzy weights 270 
This section proposes a parameterized equation to transform a normalized interval fuzzy 271 
weight vector into a consistent IPR and develops two quadratic program models to obtain 272 
interval fuzzy weights from complete IPRs. 273 
Denote a normalized interval fuzzy weight vector by 
1 2( , , , )
T
n   = =  274 
1 1 2 2] ] ]([ , ,[ , ,...,[ , )
l u l u l u T
n n       with (Sugihara, 2004) 275 
1 1
   1,2,..., .0 1, 1, 1,
n n
l u l u l u
i i j i i j
j j
j i j i
i n     
= =
 
 =   +  +              (4.1) 276 
Let 277 
( )
(0.5,0.5)                                                 
( , )
0.5 ( ),0.5 ( )         
ij ij ij l u u l
i j i j
i j
r v
i j
  
     
=
= = 
+ − − − 
           (4.2) 278 
where 
 
is a parameter such that  279 
1
0.5 ,  0 0.5 ( ),  ( ) 0.5,
2
l u u l
i j i j
n
      
−
   + − − 
 
 i j .      (4.3) 280 
The first inequality in (4.3) comes from (2.5). As 
 
satisfies (4.3) for all , 1, 2,..., ,i j n i j=  , 281 
one can obtain 282 
( ) ( )
( ) ( )
0 0.5 ( ) 0.5 ( ) 1,
0 0.5 ( ) 1 0.5 ( ) 1 0.5 ( ) 1,
0.5 ( ) 0.5 ( ) 1 ( ) 1
l u u l
i j i j
u l u l l u
i j i j i j
l u u l l u l u
i j i j i i j j
     
        
          
 + −  + − 
 − − = − + −  − + − 
+ − + − − = + − + − 
 
 i j .  283 
It follows from (4.2) that 0 , 1ij ijv
   and 0 1ij ijv
  +  . Therefore, ijr

 is an intuitionistic 284 
fuzzy number. 285 
Theorem 4.1 Assume that ( , )ij ijv
   are defined by (4.2) for all , 1, 2,...,i j n= , then 286 
( )( ) ( , )ij n n ij ij n nR r v
  
  
= =  is an additively consistent IPR. 287 
Proof. By (4.2), we have 0.5 1,2,...,ii iiv i n
  = =  =  and 288 
 
0.5 ( ) 0.5 ( ) ,
0.5 ( ) 0.5 ( )
l u u l
ij i j j i ji
u l l u
ij i j j i ji
v
v
 
 
      
      
= + − = − − =
= − − = + − =
   289 
for all , 1, 2,..., ,i j n i j=  . Therefore, as per (2.6), R  is an IPR.  290 
On the other hand, from (4.2), it follows that 291 
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0.5 ( ) 0.5 ( ) 0.5 ( )
0.5 ( ) 0.5 ( ) 0.5 ( )
l u l u l u
ij jk ki i j j k k i
l u l u l u
i k k j j i kj ji ik
  
  
           
           
+ + = + − + + − + + − =
+ − + + − + + − = + +   
 292 
for all , , 1, 2,...,i j k n= . By Definition 2.2, R  is additively consistent.            ■ 293 
Theorem 4.1 demonstrates that many additively consistent IPRs may be obtained from a 294 
given normalized interval fuzzy weight vector by setting different parameter values for  . 295 
Conversely, the same interval fuzzy weight vector may be generated from different IPRs. 296 
As per Theorem 4.1, the following corollary can be directly obtained. 297 
Corollary 4.1 Let ( )( ) ( , )ij n n ij ij n nR r v = = be a complete IPR, if there exists a positive 298 
parameter value 
 
satisfying (3.3) and a normalized interval fuzzy weight vector 299 
1 2 1 1 2 2] ] ]( , , , ) ([ , ,[ , ,...,[ , )
T l u l u l u T
n n n         = = , such that 300 
0.5 ( ),     l uij i j i j   = + −                   (4.4) 301 
0.5 ( ),     u lij i jv i j  = − −                   (4.5) 302 
then R
 
is additively consistent. 303 
It can be shown that, if all intuitionistic judgments ( , )ij ij ijr v=   and interval fuzzy weights 304 
][ ,l ui i   are reduced to fuzzy judgments and crisp priority weights, respectively, then (4.4) is 305 
degraded to (2.4), the relationship between an additively consistent fuzzy preference relation and 306 
its crisp priority weight vector. 307 
Eqs. (4.4) and (4.5) only hold for additively consistent IPRs. If an IPR R
 
furnished by a 308 
DM is inconsistent, then the intuitionistic judgments in R
 
cannot be expressed as (4.4) and 309 
(4.5). In this case, in order to generate an interval fuzzy priority weight vector from R , 310 
equations (3.4) and (3.5) are relaxed to allow for some deviations. Obviously, the smaller the 311 
squared deviations between the left-hand and right-hand sides, the closer R  is to an additively 312 
consistent IPR. Therefore, the following quadratic program model is established to generate a 313 
normalized interval fuzzy weight vector from IPR ( )( ) ( , )ij n n ij ij n nR r v = = . 314 
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( )2 2
1 , 1
min ( 0.5 ( )) ( 0.5 ( ))
0 0.5 ( ),  ( ) 0.5,                                  1, 2,...,
1
0.5                                              
2
. .
n n
l u u l
ij i j ij i j
i j i j
l u u l
i j i j
J v
i j n
n
s t
      
     

=  =
= − − − + − + −
 + − −   =
−
 
 
1 1
                           
 ,                                        1, 2,...,       
.                                                                   
1, 1
0 1
n n
l u l u
j i i j
j j
j i j i
l u
i i
i n
i
   
 
= =
 
=+  + 
  
 
1,2,...,       n








=     
(4.6) 315 
where the first two lines of inequality constraints correspond to (4.3), the last two lines of 316 
constraints guarantee that the derived interval fuzzy weights [ , ]l ui i   
( 1,2,..., )i n=
 
are 317 
normalized, and ,  ( 1,2,..., )l ui i i n  =  and   are decision variables.  318 
  As per intuitionistic reciprocity ji ijv =  and ji ijv =  
for all , 1, 2,...,i j n= , we have 319 
0.5 ( ) 0.5 ( ),   l u u lji j i ij i jv i j      − − − = − + −                 (4.7) 320 
0.5 ( ) 0.5 ( ),   u l l uji j i ij i jv i j      − + − = − − −                 (4.8) 321 
0 0.5 ( ) ( ) 0.5,  l u u lj i i j i j      + −  −                      (4.9) 322 
( ) 0.5 0 0.5 ( ),  u l l uj i i j i j     −    + −                    (4.10) 323 
Therefore, solutions to (4.6) are able to be found by solving the following quadratic program 324 
model: 325 
( )
1
2 2
1 1
1
min ( 0.5 ( )) ( 0.5 ( ))
0 0.5 ( ),  ( ) 0.5, 1,2,..., 1,  1,...,
1
0.5 ,                                     
2
. .
 1,
n n
l u u l
ij i j ij i j
i j i
l u u l
i j i j
n
l u l u
j i i j
j j
j i
J v
i n j i n
n
s t
      
     

   
−
= = +
=

= − − − + − + −
 + − −  = − = +
−
 
+  +


1
,        1, 2,...,                           
.                                   1, 2,...,                           
1
0 1
n
j i
l u
i i
i n
i n 
=






=


=

  

      (4.11) 326 
If the optimal objective function value 
* 0J = , then all of the elements in R  can be 327 
expressed by (4.2). By Corollary 4.1, R  is additively consistent. While the modeling idea here 328 
is to minimize the deviation between the completed IPR and the constructed IPR with additive 329 
consistency, this approach has its limitation:  it does not conduct an acceptability test for the 330 
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completed IPR before generating a priority weight. As pointed out by Li et al. (2015), a highly 331 
indeterminate comparison matrix can be unacceptable even if it is perfectly consistent as it may 332 
contain little or no useful decision information. It is a worthy topic to extend the acceptability 333 
notion in Li et al. (2015) to the case of IPRs.   334 
Multiple solutions may be obtained for model (4.11). To obtain a sensible decision result, we 335 
need to find a benchmark of these solutions such that the DM’s opinions in R
 
can be sufficiently 336 
reflected by its corresponding interval fuzzy weights. From (4.4) and (4.5), it is apparent that the 337 
closer the parameter   is to 1, the closer the interval fuzzy weight vector is to a consistent IPR. 338 
Therefore, it is reasonable to choose a solution from optimal solutions to model (4.11) such that 339 
2( 1) −
 
is minimized. In so doing, the resulting inconsistency is maintained at the same level. 340 
Based on this idea, the following quadratic program model is established to obtain such a 341 
benchmark. 342 
( )
2
1
1
2 2 *
1 1
1
min ( 1)
1
0.5 ,  
2
( 0.5 ( )) ( 0.5 ( )) ,
1,2,..., 1,  
0 0.5 ( ),  ( ) 0.5,                                          . .
1,...,
n n
l u u l
ij i j ij i j
i j i
l u u l
i j i j
n
l
j
j
j i
J
n
v J
i n
s t
j i n


      
     

−
= = +
=

= −
−
 
− − − + − + − =
= −
 + − − 
= +


1
 ,                                                   1, 2,...,        
.                                                                              1, 2,...,      
1, 1
0 1
n
u l u
i i j
j
j i
l u
i i
i n
i n
  
 
=

=
=
+  + 
  

 














 (4.12) 343 
where *J  is the optimal objective function value to model (4.11), and ,  ( 1,2,..., )l ui i i n  =  are 344 
decision variables. 345 
Solving (4.12) yields the optimal value *  and the optimal interval fuzzy weight vector 346 
( )* * * *1 2 * * * * * *1 1 2 2] ]( , , , ) [ , ,[ , ,...,[ , ]n
T
T l u l u l u
n n         = = . 347 
Example 1: Consider the following 3 3  complete IPR: 348 
( )1 3 3 3 3
(0.5,0.5) (0,1) (0,1)
( ) ( , ) (1,0) (0.5,0.5) (0.5,0.5)
(1,0) (0.5,0.5) (0.5,0.5)
ij ij ijR r v 
 
 = = =
 
  
 349 
Clearly, the intuitionistic fuzzy judgments in 1R  indicate that 2x  and 3x  
are indifferent, 350 
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and are both absolutely preferred to 1x . By Definition 2.2, one can easily verify that 1R  is 351 
additively consistent. Since 1ij ijv + =  for all , 1, 2,3i j = , 1R  
is equivalent to a fuzzy 352 
preference relation ( )1 3 3ijR  = . 353 
By substituting 1R  
into (4.11) and solving this model, we have * 0J = . There exist numerous 354 
solutions for this optimization model. One can easily verify that 355 
( ) ( )1 1 2 2 3 3      ,   (1- )/2  (1- )/2  (1- )/2  (1- )/2  1/(1-3 ),, , , , , , , , , ,
T Tl u l u l u d d d d d d d      = ( 0 1/ 3d  ) are all 356 
optimal solutions to (3.11). Obviously, the smaller the value d , the stronger the preference 357 
degree of  “ 2x  and 3x  to 1x ”. As 2x  and 3x  
are equally preferred, and are both absolutely 358 
superior to 1x , it is appropriate to determine the priority weights of 1R  
by setting 0d =  or 359 
1 = . 360 
By solving (4.12), one can obtain * 1 =  and the optimal interval fuzzy weight vector 361 
( )* ] ][0,0 ,[0.5,0.5 ,[0.5,0.5]
T
 = . 362 
If the prioritization methods by Gong et al. (2011), Xu (2012) and Wang (2013) are used to 363 
generate priority weights from 1R , then we have the results in Table 1. 364 
Table 1. Priority weights generated by different methods based on 1R  365 
Model Reference Priority weight vector 1 2 3( , , )
T    
Least square model 
(28) 
Gong et al. 
(2011) 
([0.0310,0.0310],[0.4845,0.4845],[0.4845,0.4845])T
 
Goal program (30) Gong et al. 
(2011) 
([0.0310,0.0310],[0.4845,0.4845],[0.4845,0.4845])T
 
Error analysis 
Eqs. (13) and (15) 
Xu (2012) 
   ([1/ 6, 1/ 6],[5/12, 5/12],[5/12, 5/12])T  
Goal program (4.7) Wang (2013)    ([0, 0],[0.5, 0.5],[0.5, 0.5])T  
(4.11) and (4.12) This article    ([0, 0],[0.5, 0.5],[0.5, 0.5])T  
  366 
Table 1 shows that these five different methods can generate crisp priority weights and 367 
consistent ranking results for this IPR. It is trivial to verify that the additively consistent fuzzy 368 
preference relation ( )1 3 3ijR  = can be expressed as (2.4) by the interval weight vector 
*  369 
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under the condition of * 1 = . However, 1R  
cannot be expressed as (2.4) via the priority crisp 370 
weights obtained by Gong et al. (2011) or Xu (2012) under the condition of 
1
0.5 1
2
n

−
  = , 371 
implying these weights do not accurately reflect the intensity of preference “ 2x  and 3x  
being 372 
absolutely superior to 1x ”. In addition, it should be noted that, although Wang (2013)’s approach 373 
yields the same priority weight vector as the result derived by the proposed model, its optimal 374 
objective function value is greater than 0 for this IPR 1R . This is attributed to the fact that the 375 
transformation formula in Wang (2013) sets 0.5 = . These results demonstrate that the 376 
parameterized equation (4.2) properly captures the inherent relationship between additively 377 
consistent IPRs and normalized interval fuzzy priority weights, and the proposed models are able 378 
to determine the best parameter value for   and derive an appropriate interval fuzzy weight 379 
vector from an IPR. 380 
5. An application to group decision making with incomplete intuitionistic preference 381 
relations 382 
This section puts forward a procedure to solve GDM problems with incomplete IPRs, and 383 
provides an enterprise resource planning (ERP) software product selection problem to illustrate 384 
how to apply the proposed models.  385 
Consider a GDM problem with a set of decision alternatives 1 2{ , ,..., }nX x x x= . Assume that 386 
1 2{ , ,..., }mE e e e=  is a finite set of experts (i.e., DMs), and the importance weight vector of m 387 
experts is 
1 2( , ,..., )
T
m   =  with 
1
1
m
s
s

=
=  and 0s   for all 1,2,...,s m= . Each expert se  388 
( 1,2,...,s m= ) employs the pairwise comparison method to provide his/her preferences over the 389 
n alternatives as an incomplete IPR
 
( )( ) ( ) ( ) ( )( ) ( , )s s s sij n n ij ij n nR r v = = , where some preference 390 
values are unknown and the known values are expressed as intuitionistic fuzzy numbers or 391 
membership/ nonmembership degrees. Now, a procedure for solving GDM problems with 392 
incomplete IPRs is depicted as follows. 393 
Procedure 1 394 
Step 1. Determine the unknown values of ( )sR  ( 1,2,...,s m= ) by solving the models (3.12) and 395 
(3.16), and the complete IPR ( )( ) ( ) ( ) ( )( ) ( , )s c s c s c s cij n n ij ij n nR r v = = is determined as per (3.17) for 396 
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each 1,2,...,s m= . 397 
Step 2. Employ the intuitionistic fuzzy weighted averaging operator (Xu & Yager, 2009) to 398 
aggregate all individual IPRs ( )s cR ( 1,2,...,s m= ) as per the DMs’ importance weight vector 399 
1 2( , ,..., )
T
m   =  into a collective IPR ( )( ) ( , )G G G Gij n n ij ij n nR r v = = , where 400 
              
( )
1
m
G s c
ij s ij
s
  
=
=     ( )
1
m
G s c
ij s ij
s
v v
=
=                         (5.1) 401 
Step 3. Solve models (4.11) and (4.12) for an optimal group interval fuzzy weight vector 402 
( )* * * *1 2 * * * * * *1 1 2 2] ]( , , , ) [ , ,[ , ,...,[ , ]n
T
T l u l u l u
n n         = = for 
GR . 403 
Step 4. Establish the possibility degree matrix ( )* *( )j ni nP P   =   as per the following formula 404 
(Xu & Chen, 2008). 405 
* *
*
* *
* * *
( ) max 1 max ,0 ,0
j i
i i j j
i jP  
 
   
+ −
+ − + −
  − 
 = −    − + −   
         (5.2) 406 
Step 5. Sum up all values in each row of P, one gets  407 
1
n
i ij
j
p
=
=  ( 1, 2,...,i n= ).                        (5.3) 408 
Step 6. Rank all decision alternatives as per the decreasing order of i  
( 1, 2,...,i n= ), and 409 
“alternative
 i
x  being preferred to
jx ” is denoted by 
* *( ))i jP
i jx x
 
. 410 
Theorem 5.1 Let ( )( ) ( , )G G G Gij n n ij ij n nR r v = = be a collective IPR defined by (5.1). If all 411 
individual IPRs ( )s cR ( 1,2,...,s m= ) are additively consistent, then GR  is additively consistent.  412 
Proof.  As per Definition 2.2, we have 413 
( ) ( ) ( ) ( ) ( ) ( ) , , , 1, 2,..., , 1, 2,...,s c s c s c s c s c s cij jk ki ik kj ji i j k n s m     + + = + +  = = . 414 
It follows that ( ) ( ) ( ) ( ) ( ) ( )
1 1 1 1 1 1
m m m m m m
s c s c s c s c s c s c
s ij s jk s ki s ik s kj s ji
s s s s s s
           
= = = = = =
+ + = + +       415 
, , 1, 2,...,i j k n = . According to (5.1), one can obtain G G G G G Gij jk ki ik kj ji     + + = + +  
416 
, , 1, 2,...,i j k n = . By Definition 2.2, GR  is additively consistent.                ■ 417 
Next, the proposed models are applied to a GDM problem concerning evaluation and selection 418 
of ERP software products (adapted from Gürbüz et al. (2012)). 419 
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Example 2: With increasing market competition and economic globalization, an ERP system 420 
is considered as an effective solution for improving productivity of industrial enterprises. As ERP 421 
software products differ in customization, pricing, functionality and underlying technology, it is 422 
important for the enterprises to carefully evaluate ERP software products before their final 423 
selection. Assume that three experts  ( 1,2,3)se s =  are asked to assess four potential ERP 424 
software products  ( 1,2,3,4)ix i = and their importance weight vector 425 
is
1 2 3( , , ) (0.25,0.45,0.3)
T T   = = . Each expert se ( 1, 2,3)s =  conducts pairwise comparison 426 
of the four ERP software products and furnishes his/her assessments as the following incomplete 427 
IPRs ( )( ) ( ) ( ) ( )4 4 4 4( ) ( , )
s s s s
ij ij ijR r v 
= = :  428 
(1)
(0.5,0.5) (0.35, ) (0.55,0.25)
( ,0.35) (0.5,0.5) ( ,0.55) (0.1,0.05)
(0.25,0.55) (0.55, ) (0.5,0.5) (0.55,0.15)
(0.05,0.1) (0.15,0.55) (0.5,0.5)
R
− − 
 − −
 =
 −
 
− 
 429 
(2)
(0.5,0.5) (0.55,0.1) ( ,0.45) (0.45,0.35)
(0.1,0.55) (0.5,0.5) (0.2,0.15)
(0.45, ) (0.5,0.5) (0.45, )
(0.35,0.45) (0.15,0.2) ( ,0.45) (0.5,0.5)
R
− 
 −
 =
 − − −
 
− 
 430 
(3)
(0.5,0.5) (0.15,0.45) (0.25, )
(0.45,0.15) (0.5,0.5) ( ,0.15)
( ,0.25) (0.15, ) (0.5,0.5) (0.55,0.15)
(0.15,0.55) (0.5,0.5)
R
− − 
 − −
 =
 − −
 
− − 
 431 
Taking (1)R  as an example, its (1, 2) entry (0.35, −) indicates expert 1’s partially missing 432 
intuitionistic judgment between ERP product x1 and x2, where 0.35 gives his/her assessment of x1 433 
being preferred to x2 and “–” means that he/she is unable or unwilling to offer his/her 434 
nonmembership judgment. On the other hand, its (1, 3) entry (0.55, 0.25) specifies expert 1’s 435 
complete intuitionistic assessment between product x1 and x3, where 0.55 indicates his/her 436 
preference degree of x1 to x3 and 0.25 gives his/her non-preference degree of x1 to x3. Moreover, 437 
the “–” for the (1, 4) element signifies expert 1’s inability or unwillingness to offer any 438 
preference or non-preference assessment between product x1 to x4, resulting in a completely 439 
missing element in the judgment matrix. In addition, the differences in the (i, j) entry in the three 440 
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judgment matrices reveal the three experts’ subjective judgments between the ith and jth product 441 
as well as their different levels of knowledge between the two ERP products.  442 
Compared to other methods handling missing intuitionistic judgments such as those put 443 
forward by Xu (2007), Xu et al. (2011) and Wu and Chiclana (2014), this proposed framework is 444 
able to handle both partially missing and completely missing elements while existing methods 445 
cannot deal with IPRs with partially missing elements as they require that an element in an IPR 446 
is either completely missing or completely known.  447 
By substituting the incomplete IPRs ( )sR  ( 1, 2,3)s =  into (3.12), the following quadratic 448 
programs are established. 449 
(1) 2 2
14 21 41 14 41
2 2
21 23 23
14 21 23 41
14 41 21 23
min 3( 0.4) 2( 0.7)
               2( 0.5) ( 0.2)
0 1,  0 1,  0 1,  0 1,                       
. .
1 1,1 0.35 1,1 0.55 1.
J
s t
h h h
    
  
   
   
= + − − + − −
+ − + + −
       

−  +  −  +  −  + 
        (5.4) 450 
(2) 2 2
13 32 23 13 43
2 2
23 43 32 32 43 23
13 23 32 43
13 23 32 43
min 3( 0.9) 2( 0.1)
               2( 0.4) ( 0.05)
0 1,  0 1,  0 1,  0 1,                       
. .
1 0.45 1,1 1,1 0.45
J
s t
h h h
    
     
   
   
= + − − + − −
+ − − + + + − +
       
−  +  −  +  −  + 1.



         (5.5) 451 
(3) 2 2
14 42 24 41 14 31 41
2 2
23 31 23 42 24
14 23 24 31 41 42
14 41 23
min 4( 0.3) 3( 0.65)
                2( 0.7) 3( 0.25)
0 1,  0 1,  0 1,  0 1,  0 1,  0 1,                 
. .
1 1,1
J
s t
h h
      
    
     
  
= + − − + + + − −
+ + − + + − +
           
−  +  −  + 24 42 310.15 1,1 1,1 0.25 1.h h  


 −  +  −  + 
   (5.6) 452 
If the hesitation margins of the estimated judgment values are expected to be no more than 0.6, 453 
we can set h = 0.6 in the models (5.4)-(5.6) and (3.16).  454 
Solving (5.4) - (5.6) by the optimization Modelling Software Lingo 11, we obtain their optimal 455 
objective function values as follows. 456 
(1)* 0.2286667J = , (2)* 0.3942857J = , (3)* -280.9945810 10J =  . 457 
Solving (3.16) results in the corresponding estimated values:  458 
(1)* (1)* (1)* (1)*
14 21 23 410.4900, 0.05, 0.4333, 0.   = = = =  459 
(2)* (2)* (2)* (2)*
13 23 32 430.3356, 0, 0.4069, 0.   = = = =  460 
(3)* (3)* (3)* (3)* (3)* (3)*
14 23 24 31 41 420.3000, 0.2500, 0.5001, 0.4498, 0.1000, 0.     = = = = = =  461 
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As per (3.17), the completed IPRs ( )( ) ( ) ( ) ( )4 4 4 4( ) ( , )
k c k c k c k c
ij ij ijR r v 
= =
 
( 1, 2,3k = ) are 462 
obtained as 463 
(1)
(0.5,0.5) (0.35,0.05) (0.55,0.25) (0.49,0)
(0.05,0.35) (0.5,0.5) (0.4333,0.55) (0.15,0.05)
(0.25,0.55) (0.55,0.4333) (0.5,0.5) (0.55,0.15)
(0,0.49) (0.05,0.15) (0.15,0.55) (0.5,0.5)
cR
 
 
 =
 
 
 
 464 
(2)
(0.5,0.5) (0.55,0.35) (0.3356,0.45) (0.45,0.35)
(0.35,0.55) (0.5,0.5) (0,0.4069) (0.55,0.15)
(0.45,0.3356) (0.4069,0) (0.5,0.5) (0.45,0)
(0.35,0.45) (0.15,0.55) (0,0.45) (0.5,0.5)
cR
 
 
 =
 
 
 
 465 
(3)
(0.5,0.5) (0.15,0.45) (0.25,0.4498) (0.3,0.10)
(0.45,0.15) (0.5,0.5) (0.25,0.15) (0.5001,0)
(0.4498,0.25) (0.15,0.25) (0.5,0.5) (0.55,0.15)
(0.10,0.3) (0,0.5001) (0.15,0.55) (0.5,0.5)
cR
 
 
 =
 
 
 
 466 
  By (5.1), a collective IPR ( )( ) ( , )G G G Gij n n ij ij n nR r v = =  is determined as 467 
(0.5,0.5) (0.3800,0.3050) (0.3635,0.3999) (0.4150,0.1875)
(0.3050,0.3800) (0.5,0.5) (0.1833,0.3656) (0.4350,0.0800)
(0.3999,0.3635) (0.3656,0.1833) (0.5,0.5) (0.5050,0.0825)
(0.1875,0.4150) (0.0800,0.4350) (0.0
GR =
825,0.5050) (0.5,0.5)
 
 
 
 
 
 
 468 
  Solving the quadratic program (4.11) yields its optimal objective value * 0.01311484J = . 469 
By substituting *J  and GR  into (4.12) and solving this model, we obtain the optimal value 470 
* 1 =  and the optimal group interval fuzzy weights as: 471 
* * * *
1 2 3 40.2670,0.3586], 0.1707,0.4131], 0.2761,0.4433], 0.0215,0.2862][ [ [ [   = = = = . 472 
  As per (5.2), the possibility degree matrix is determined as 473 
0.5 0.5626 0.3188 0.9461
0.4374 0.5 0.3345 0.7722
0.6812 0.6655 0.5 0.9766
0.0539 0.2278 0.0234 0.5
P
 
 
 =
 
 
 
 474 
  By (5.3), one can obtain 1 2 32.3275, 2.0441, 2.8233  = = =  and 4 0.8051 = . As 475 
3 1 2 4      , the four ERP software products are ranked as 
68.12% 56.
3 1 2
26% 7.22%
4
7
x x x x . 476 
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6. Conclusions 477 
In this paper, we introduce the notion of additive consistency for incomplete IPRs and devise a 478 
two-stage quadratic program based framework for estimating missing values for an incomplete 479 
IPR. The completed IPR minimizes inconsistency and reflects inherent hesitancy of the missing 480 
values by controlling it within an acceptable threshold. A parameterized formula is proposed to 481 
transform normalized interval fuzzy weights into IPRs with additive consistency. Two quadratic 482 
programs are developed to obtain a normalized interval fuzzy weight vector from a complete IPR. 483 
By applying the proposed prioritization and completion models, a procedure is presented for 484 
solving GDM problems with incomplete IPRs. A numerical example and a group selection 485 
problem are provided to illustrate the proposed models. 486 
IPRs furnished by DMs are assumed to be acceptable from the viewpoints of hesitancy and 487 
additive consistency. In real-world decisions, the given intuitionistic judgments may be highly 488 
hesitant or inconsistent. Future research is needed to address acceptability and consensus models 489 
based on IPRs. 490 
 491 
REFERENCES 492 
Atanassov, K. (1986). Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20, 87-96. 493 
Cabrerizo, F.J., Heradio, R., Pérez, I.J., Herrera-Viedma, E. (2010). A selection process based on 494 
additive consistency to deal with incomplete fuzzy linguistic information. Journal of 495 
Universal Computer Science 16(1): 62-81. 496 
Chaira, T. (2011). A novel intuitionistic fuzzy C means clustering algorithm and its application to 497 
medical images. Applied Soft Computing, 11, 1711-1717. 498 
Chiclana, F., Herrera-Viedma, E., Alonso, S., & Herrera, F. (2009). Cardinal consistency of 499 
reciprocal preference relations: A characterization of multiplicative transitivity. IEEE 500 
Transactions on Fuzzy Systems, 17, 14–23. 501 
De Baets, B., & De Meyer, H. (2005). Transitivity frameworks for reciprocal relations: 502 
cycle-transitivity versus FG-transitivity. Fuzzy Sets and Systems, 152, 249-270. 503 
Dubois, D., & Prade, H. (2012). Gradualness, uncertainty and bipolarity: Making sense of fuzzy 504 
sets. Fuzzy Sets and Systems, 192, 3–24. 505 
Fedrizzi, M., & Brunelli, M. (2009). On the normalisation of a priority vector associated with a 506 
reciprocal relation. International Journal of General Systems, 38, 579-586. 507 
 23 
Gürbüz, T., Alptekin, S. E., & Alptekin, G. I. (2012). A hybrid MCDM methodology for ERP 508 
selection problem with interacting criteria. Decision Support Systems, 54, 206–214. 509 
Gong, Z.W., Li, L.S., Zhou, F.X., & Yao, T.X. (2009). Goal programming approaches to obtain 510 
the priority vectors from the intuitionistic fuzzy preference relations. Computers & Industrial 511 
Engineering, 57, 1187-1193. 512 
Gong, Z.W., Li, L.S., Forrest, J., & Zhao, Y. (2011). The optimal priority models of the 513 
intuitionistic fuzzy preference relation and application in selecting industries with higher 514 
meteorological sensitivity. Expert Systems with Applications, 38, 4394-4402. 515 
Herrera-Viedma, E., Chiclana, F., Herrera, F., & Alonso, S. (2007). Group decision-making 516 
model with incomplete fuzzy preference relations based on additive consistency. IEEE 517 
Transactions on Systems, Man, and Cybernetics - Part B: Cybernetics, 37, 176-189. 518 
Hu, M., Ren, P., Lan, J., Wang, J., & Zheng, W.. (2014). Note on "Some models for deriving the 519 
priority weights from interval fuzzy preference relations". European Journal of Operational 520 
Research, 237, 771-773. 521 
İntepe, G., Bozdag, E., & Koc, T. (2013). The selection of technology forecasting method using a 522 
multi-criteria interval-valued intuitionistic fuzzy group decision making approach. 523 
Computers & Industrial Engineering, 65, 277-285. 524 
Jiang, Y., Z. Xu, & Gao, M. (2015). Methods for ranking intuitionistic multiplicative numbers by 525 
distance measures in decision making. Computers & Industrial Engineering, 88, 100-109.  526 
Li, K.W., Wang, Z.J., & Tong, X. (2015). Acceptability analysis and priority weight elicitation 527 
for interval multiplicative comparison matrices. European Journal of Operational Research, 528 
in press, DOI: 10.1016/j.ejor.2015.09.010. 529 
Liu, X., Pan, Y., Xu, Y., & Yu, S. (2012). Least square completion and inconsistency repair 530 
methods for additively consistent fuzzy preference relations. Fuzzy Sets and Systems, 198, 531 
1-19. 532 
Meng, F. & Chen, X. (2015). A new method for group decision making with incomplete fuzzy 533 
preference relations, Knowledge-Based Systems, 73, 111-123. 534 
Orlovski S.A. (1978). Decision-making with a fuzzy preference relation. Fuzzy Sets and Systems, 535 
1, 155-167. 536 
Qi, X., Liang, C., & Zhang, J. (2015).  Generalized cross-entropy based group decision making 537 
with unknown expert and attribute weights under interval-valued intuitionistic fuzzy 538 
 24 
environment. Computers & Industrial Engineering, 79, 52-64. 539 
Saaty, T.L. (1980). The Analytic Hierarchy Process. McGraw-Hill, New York. 540 
Sugihara, K., Ishii, H., & Tanaka, H. (2004). Interval priorities in AHP by interval regression 541 
analysis. European Journal of Operational Research, 158, 745-754. 542 
Szmidt, E., Kacprzyk, J., & Bujnowski, P. (2014). How to measure the amount of knowledge 543 
conveyed by Atanassov’s intuitionistic fuzzy sets. Information Sciences, 257, 276–285. 544 
Tanino, T. (1984). Fuzzy preference orderings in group decision making. Fuzzy Sets and Systems, 545 
12, 117-131. 546 
Wang, Z.J. (2013). Derivation of intuitionistic fuzzy weights based on intuitionistic fuzzy 547 
preference relations. Applied Mathematical Modelling, 37, 6377-6388. 548 
Wang, Z.J. (2015). Geometric consistency based interval weight elicitation from intuitionistic 549 
preference relations using logarithmic least square optimization, Fuzzy Optimization and 550 
Decision Making, 14, 289–310. 551 
Wu, J., & Chiclana, F. (2014). Multiplicative consistency of intuitionistic reciprocal preference 552 
relations and its application to missing values estimation and consensus building. 553 
Knowledge-Based Systems, 71, 187-200. 554 
Xu, Y.J., Da, Q.L., & Liu, L.H. (2009). Normalizing rank aggregation method for priority of a 555 
fuzzy preference relation and its effectiveness. International Journal of Approximate 556 
Reasoning, 50, 1287-1297. 557 
Xu, Y.J., Da, Q.L., & Wang, H.M. (2010). A note on group decision-making procedure based on 558 
incomplete reciprocal relations. Soft Computing, 15, 1289-1300. 559 
Xu, Y., Li, K.W., & Wang, H. (2014). Consistency test and weight generation for additive 560 
interval fuzzy preference relations. Soft Computing, 18, 1499-1513. 561 
Xu, Z. (2004), Goal programming models for obtaining the priority vector of incomplete fuzzy 562 
preference relation. International Journal of Approximate Reasoning, 36, 261-270. 563 
Xu, Z. (2007). Intuitionistic preference relations and their application in group decision making. 564 
Information Sciences, 177, 2363-2379. 565 
Xu, Z. (2009). A method for estimating criteria weights from intuitionistic preference relations. 566 
Fuzzy Information and Engineering, 1, 79-89. 567 
Xu, Z. (2012). An error-analysis-based method for the priority of an intuitionistic preference 568 
relation in decision making. Knowledge-Based Systems, 33, 173-179. 569 
 25 
Xu, Z., Cai, X., & Szmidt, E. (2011). Algorithms for estimating missing elements of incomplete 570 
intuitionistic preference relations. International Journal of Intelligent Systems, 26, 787-813. 571 
Xu, Z., & Chen, J. (2008). Some models for deriving the priority weights from interval fuzzy 572 
preference relations. European Journal of Operational Research, 184, 266-280. 573 
Xu, Z. & Liao, H. (2014). Intuitionistic fuzzy analytic hierarchy process. IEEE Transactions on 574 
Fuzzy Systems, 22, 749-761. 575 
Xu, Z. & Yager, R.R. (2009). Intuitionistic and interval-valued intuitionistic fuzzy preference 576 
relations and their measures of similarity for the evaluation of agreement within a group. 577 
Fuzzy Optimization and Decision Making, 8, 123-139. 578 
Yue, Z. & Jia, Y. (2015). A group decision making model with hybrid intuitionistic fuzzy 579 
information. Computers & Industrial Engineering, 87, 202-212. 580 
Zhang, Y., Ma, H., Li, Q, Liu, B., & Liu, J. (2014). Conditions of two methods for estimating 581 
missing preference information. Information Sciences, 279, 186-198. 582 
